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Abstract. We extend the notion of Novikov-Shubin invariant for free T-CW- 
complexes of finite type to spaces with arbitrary F-actions and prove some 
statements about their positivity. In particular we apply this to classifying 
spaces of discrete groups. 



1. Introduction 

In [8j the first author extended the notion of L'^-Betti number for free T-CW- 
complexes of finite type to topological spaces with arbitrary F-actions. The key 
ingredient there is the notion of a dimension function for arbitrary modules over a 
finite von Neumann algebra A, extending the classical notion for finitely generated 
projective ^-modules defined in terms of the von Neumann trace of an associated 
projection. These notions turned out to be useful in particular in the case where T 
is amenable (see [8], [9]). 

In this paper we carry out an analogous program for Novikov-Shubin invari- 
ants. So we will introduce for arbitrary ^-modules in Section [5] the equivalent 
notion of capacity (which is essentially the inverse of the Novikov-Shubin invariant 
and was introduced for finitely presented ^-modules in ^ and [7]) and study its 
main properties. This enables us to define the p-th capacity for a space X with an 
arbitrary action of a discrete group. Originally Novikov-Shubin invariants were de- 
fined in terms of the heat kernel of the universal covering of a compact Riemannian 
manifold in [lO]. [IT]. 

We will use the extension to study Novikov-Shubin invariants of groups in 
Section [31 The key observation is that a group T which may have a model of 
finite type for BT may contain interesting normal subgroups for which the classical 
definition does not apply because its classifying space is not even of finite type. 
We are in particular interested in the conjecture that for a regular covering of a 
CVF-complex of finite type the Novikov-Shubin invariants are always positive, or 
equivalently, the capacities are always finite [6l Conjecture 7.1]. Our main results 
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in this direction are Theorems 13.71 and 13.91 which say among other things that 
ap(r) > 1 for aU p > 1 if r contains Z" as normal subgroup for some n > 1 and 
that ap{T) > 1 for p = 1,2 if F is elementary amenable and contains no infinite 
locally finite subgroup. In particular the first and second Novikov-Shubin invariants 
of the universal covering of a CM^-complex X of finite type are greater or equal to 
1 if Tri{X) satisfies the condition above since they agree with the ones for tti{X). 

We mention that ap of a space or group is the Novikov-Shubin invariant associ- 
ated to the p-th. differential. Sometimes Novikov-Shubin invariants are also defined 
in terms of the Laplacian. If we denote the latter ones by ap, the connection be- 
tween these two invariants is Sp — min{ap+i, ap}. Our normalization is such that 
ai = So of the universal covering of is 1. The p-th capacity will essentially be 
the inverse of the {p + l)-th Novikov-Shubin invariant. 

2. Capacity of modules 

There is the notion of the Novikov-Shubin invariant a{M) e [0, oo] 11 {cxo+j 
of a finitely presented ^-module M as defined in 7, Definition 3.1]. It is the 
Novikov-Shubin invariant of the spectral density function of a morphism of Hilbert 
^-modules / : P{A)™' P{A)" which corresponds to a presentation matrix A G 
M{m,n,A) for M — coker(A : A"^ A"). We want to extend it to arbitrary A- 
modules. For convenience we will use the notion of capacity (see p; 4.8]) which is 
essentially the reciprocal of the Novikov-Shubin invariant and extend it to arbitrary 
^-modules. In the sequel we will use the notion and properties of the dimension 
dim(M) of an ^-module introduced in [7, Theorem 0.6]. 

Definition 2.1. We call an ^-module M measurable if it is the quotient of a 
finitely presented ^-module L with dim(L) = 0. We call an ^-module M cofinal- 
measurahle if each finitely generated submodule is measurable. In particular this 
implies dim M = 0. □ 

We will see later that the following definition of capacity is particularly well 
behaved on the the class of cofinal- measurable modules. 

Definition 2.2. Let i be a finitely presented Amodule with dim(i) = 0. 
Define its capacity 

c{L) £ {0-}U [0,oo] 

by 

c{L) := 

a{L) 

where 0^ is a new formal symbol different from 0, and 0^^ — oo, oo~^ — and 
(oo"'")~^ = 0^. Let M be a measurable ^-module. Define 

c'(M) := inf{c(L) | L finitely presented, dim(L) — 0, M quotient oi L}. 

Let N be an arbitrary ^-module. Define 

c"{N) sup{c'(M) I M measurable, M C N}. □ 

Note that dim(A^) is not necessarily zero. In fact c{N) measures the size of the 
largest zero-dimensional submodule of N (compare [8j 2.15]). 

The invariants take value in {0~} II [0, oo\. We define an order < on this set by 
the usual one on [0, oo) and the rule 0^ < r < oo for r e [0, oo). For two elements 
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r, s G [0 , oo] we define another element r + s = s + r in this set by the ordinary 
addition in [0, oo) and by 

0^ + r = r and oo + r = oo forrG[0~,oo] 

We have introduced c(M) as the inverse of a(M) because then c(M) becomes 
bigger if M becomes bigger and some of the formulas become nicer. Notice that for 
a finitely presented ^-module M with dim(M) = we have c{M) ~ 0^ if and only 
if M is trivial. Hence a measurable ^-module M satisfies c'{M) = 0~ if and only if 
it is trivial. A measurable ^-module is finitely generated but not necessarily finitely 
presented. We have for an arbitrary y^-module N that c"{N) = 0^ if and only if any 
^-map / : M — > N from a finitely presented ^-module M with dim(M) = to 
N is trivial. A cofinal-measurable ^-module M is trivial if and only if c"{M) — 0~ 
(see also Example l2.10|) . 

We will show that our different definitions of capacity coincide and prove their 
basic properties. For this we need 

Lemma 2.3. Let O^K^P^Q^Obean exact sequence of finitely 
presented A-modules of dimension zero. Then 

c{K) < c{P), c{Q) < c{P) 

c{P) < c{K) + c{Q). 

Proof. By [3 3.4] we find resolutions O^Fk^Fk^K^Q and 
Fq Fq — > Q — > with Fk and Fq finitely generated free. Now we can construct 
a resolution 0— >F-^F^P— >0 with F = Fk © Fq which fits into a short exact 
sequence of resolutions. Application of [6j Lemma 1.12] to this situation together 
with the equivalence of finitely generated Hilbert .A-modules and finitely generated 
projective algebraic ^-modules as in [7] gives the result. □ 

Proposition 2.4. (1) If M is a finitely presented A-module which satis- 

fies dim(Af ) = 0, then M is measurable and 

c'{M) ^ c(M). 

(2) // M is a measurable A-module, then M is cofinal-measurable and 

c"{M) = c'{M). 

Notation 2.5. In view of Proposition [2]4] we will not distinguish between c, c' 
and c" in the sequel. 

Proof of Proposition 12.41 If M and N arc finitely presented with dimen- 
sion zero and p : N ^ M is surjective, then c{M) < c{N) by Lemma [2.31 We use 
that kerp is finitely presented by [3 Theorem 0.2]. The first statement follows. 

Suppose M is measurable and Mq C M is finitely generated. We have to show 
that Mq is measurable and c'(Mo) < c'(M). Suppose L is finitely presented with 
dim(L) = and there is an epimorphism / : L — > M. As Afo is finitely generated, 
we can find a finitely generated module K C L with f{K) — Mq. As K is finitely 
generated and L is finitely presented, L/K is finitely presented. Since the category 
of finitely presented y^-modules is abelian O Theorem 0.2], K is finitely presented. 
Hence Mq is measurable. Moreover c{K) < c{L) by Lemma [2.31 Therefore 

c{Mo) < inf c{K) < inf c(L) = c'(M). 

K as above L as above 

□ 
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Before we give a list of the basic properties of capacity, we state a simple lemma 
which will be used repeatedly during the proof. 

Lemma 2.6. Suppose M is a measurable A-module and p : F ^ M a projection 
of a finitely generated free module onto M . Then 

c{M) — mf{c{F/K) \ K C kerp finitely generated with dm\{F / K) = 0}. 

The set on the right hand side is nonempty if and only if M is measurable. 

Proof. Let d denote the number on the right. Every F/K as above is finitely 
presented and projects onto M . From Definition 1 2. 2 1 we get d > c{M). On the other 
hand let g : L — > M be an epimorphism with L finitely presented and diniL — 0. 
We can lift p to a map / with q o f = p. Since the category of finitely presented 
modules is abelian [TJ Theorem 0.2] the kernel of / is finitely generated. Moreover 
dim(_F/ker/) = dimim/ < dimL = 0, ker/ C kerp and Lemma 12.31 implies 
c{F/kevf) < c{L). So for every L we found an F/K with c[F/K) < c{L). This 
implies d < c(M). □ 

Theorem 2.7. (1) Let — > Mq ^ Mi M2 — > be an exact se- 

quence of A-modules. Then 

(a) c(Mo) <c(Mi). 

(b) c{M2) < c(Mi), provided that Mi is cofinal-measurable. 

(c) c(Mi) < c{Mo) + c(M2) 2/ dim Ml = 0. 

(2) Let M — Ujg/ Mi be a directed union of submodules. Then 



(3) Let M be the colimit colim^g/ Mi of a directed system of A-modules with 
structure maps (pij : Mi Mj . Then 

c{M) < liminf c(Afj) ( sup{inf c(Mj)} ) . 

// every Mi is measurable and (pij is surjective for every j > i, then 
c{M) = inf c(M,). 



Remark 2.8. Because zero-dimensional modules will be most important for 
us, we give a reminder of basic properties of the dimension, which are stated in or 
follow from 8 : 

(1) If ^ A/o Ml M2 ^ is an exact sequence of ^-modules, then 



c(M) = sup{c{Mi) \ iel}. 



(4) 



Let {Mi \ i £ 1} be a family of A-modules. Then 
c{®^eIM^) = sup{c(A/,) I i G /}. 




dim M < lim inf dim Mi . 
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Proof of Theorem 12.71 [Ta|) Every measurable submodule of Mq is a mea- 
surable submodule of Mi, therefore c"(Mo) < c"(Mi). 

Ilbp For every measurable submodule M of M2 we find a finitely generated 
submodule Nm C Mi which projects onto M. If Mi is cofinal-measurable, then 
N]\j is measurable and c'{Nm) > c'{M) since on the left we take the infimum over 
a smaller set of numbers. Therefore 

c"(Mi) > sup c'{Nm) > sup c'{M) = c"(M2). 

AICM2 measurable MGM2 measurable 

[Tcl) Step 1: We prove c{Mi) < c(Mo) + c{M2) if Mq is measurable and Af2 is 
finitely presented. We will also see, that this implies, that Mi is measurable: 

By j7, Lemma 3.4] there is a finitely generated free ^-module F2 and an exact 

sequence — > F2 — ^ F2 — > M2 — > 0. Let q : Fq Mo be a projection of a 
finitely generated free .A- module onto Mq. 

We get the following commutative diagram with exact rows and columns where 
the Fi are finitely generated free: 





> Mq > Ml > M2 > 



> Fo > Fi > F2 > 

I I I 

> Ko > Ki > i2{F2) > 

I I I 



Let K'q C Kq be a finitely generated submodule with AimFo/ K'^ = fLemma l2.6p . 
We can consider K'^ also as submodule of Ki. Let s : ^2(^2) — Ki be a section of 
the epimorphism Ki — > i2{F2)- Let K[ be the (finitely generated!) submodule of 
Ki generated by K'q and the image of s. We obtain the exact sequence 

Q ^ K'^ ^ K[ ^ i2{F2) ^ Q. 

Going to the quotients, we obtain a commutative diagram with epimorphisms as 
vertical maps whose lower row is an exact sequence of finitely presented .A-modules 

> Mq > Ml > M2 > 

id 

> Fn/K'o > Fi/K{ > M2 > 0. 

Note that this implies Mi to be measurable. By Lemma [^31 

m 

c(Mi) < c{Fi/K[)<c{Fo/Kl,)+c{M2). 

This holds for every Kq as above, therefore also for the infimum c(Mo) (by Lemma 
iH) in place of c{Fo/K!j). 
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Step 2: We prove the inequality if Mq and Mi are arbitrary and M2 is finitely 
presented: Choose A^i C A'h measurable. Let A'o i^^{Ni) and A^2 -^piNi). Let 
Li be a finitely presented module with dim(Li) = projecting onto A^i. We get a 
commutative diagram with exact rows and surjective columns 

> Nn > iVi > Ny > 



. No — 




— ^ N2 


I 


I 


— ^ N2 



> Kq > Li > N2 > 0. 

N2 is the image of the composition Li M2 and Kq is the kernel of this map. 
Since Li and M2 are finitely presented, by O Theorem 0.2] the same is true for N2 
and Kq. In particular Nq is measurable. Therefore by Step I 

M 

c(Afi) = sup c{Ni) < sup(c(A^o) + c(iV2)) < c(Afo) + c{M2). 

N\GMi measurable 

Step 3: We prove the inequality if Mi is measurable: Obviously M2 is also 
measurable. Let f : L2 ^ M2 be a projection with L2 finitely presented and 
dim(L2) = 0. By the pull back construction we obtain a commutative diagram 
with exact rows and epimorphisms as vertical arrows 

> Mo > Ml > M2 

/ 

> Mo > Xi > L2 0. 

Note that Xi as a submodule of L2 ® Mi is cofinal-measurable by the proof of 
Proposition 12.4121 Then by the last step and II bp 

m 

c{Mi) < c{Xi)<c{Mo)+c{L2). 

This holds for every L2 as above, therefore also for the infimum c(M2). 

Step 4: Finally Mq, Mi and M2 are arbitrary ^-modules. Suppose A^i C Mi 
is measurable. We get the exact sequence ^ iVg ^ A^i — > iV2 ^ as above with 
Ni C Mi. Then by the previous step and [la]) 



c{Ni) < c{No) + c{N2) < c{Mo) + c{M2). 

This holds for all A^i as above and passing to the supremum yields the desired 
inequality. 

[2]) This follows from [Ta|) and the fact, that each finitely generated and in 
particular each measurable submodule L C M is contained in some Mi. 
[3l) Let C M be a measurable submodule. It sufhces to show 

c{N) < liminfc(A/,). 

Since N is finitely generated and M is the colimit of a directed system, we find 
io and a finitely generated Nig C Mi^ which projects onto N. For i > io set 
Ni := 4>ioi{Nig) C Mi. Then c{Ni) < c{Mi) by [Ta|) and (since / is directed) 
liminfi>ip c{Ni) < liminf^g/ c{Mi). Observe that Ni projects onto N for all i > iq. 
We will show that there is ii G / such that N is measurable for i > ii. Then bv llbp 
c(-/V) < c{Ni) for i > ii and therefore also c{N) < liminfi>ij c{Ni) which implies 
the assertion. 
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Let Pig : F — > iVi^ be a projection of a finitely generated free module onto 
Nig and let p : F — > be the composed projection. By Lemma 12.61 since N is 
measurable, we find a finitely generated submodule K C ker(p) with dim(_F/_R') = 0. 
Because K is finitely generated and / is a directed system, we find ii > iq such 
that (f)igi-^pig(K) — 0. Then (pi^iPig induces a projection of the finitely presented 
zero-dimensional module F/K onto Ni for every i > ii- Therefore these Ni are 
measurable and the inequality follows. 

For the second part suppose that every Mi is measurable and every (jjij is 
surjective. If bp implies that liminf c(Mi) — inf c(A/i). ft remains to prove c(M) > 
inf c(Mi). Choose some a € I and a projection pa F ^ Ma with F finitely 
generated free. By composition we get a projection p : F ^ M . Let K C ker(p) be 
finitely generated with Ami{F/K) = 0. Since / is a directed system, we find b> a 
so that with pi, :— 4>abPa already Pb{K) = 0. Since (pab is surjective, pb : F —>■ Mb is 
onto. Therefore bv lf bp 

ciF/K) > c{Mb) > mic{M,). 

This holds for any finitely generated K as above, therefore also for the infimum in 
place of c{F/K) which by Lemma [2T6l is c(M). 

m) Since (BieiMi = [J j^i (Bi^jMi and because of O) we may assume / is 

J finite 

finite. By induction we restrict to the case ©^g/Afi = Mq ® Mi. Because of fTa]) it 
remains to prove 

(2.9) c(Mo©Mi) < sup{c(Afo),c(Mi)}. 

If Afg and Ml are finitely presented (|2.9p follows from [6j Lemma 1. 12] in the 
same way as Lemma 12.31 does. If Mq and Mi are measurable, we can choose 
epimorphisms Lq —> Mq and Li —>■ Mi with Lq and Li finitely presented and of 
dimension zero. Note that Lq © Li is finitely presented and therefore the result for 
the finitely presented case implies c{Mo ® Mi) < c{Lq © Li) < sup{c(Lo), c(Li)}. 
Since this holds for every choice of Lq and Li we can pass to the infimum and 
get ()2.9p . Now let Mq and Mi be arbitrary modules. Then every measurable 
submodule N C Mq © A/i is contained in A'o © A^i where A'o and A''i are the 
images of A'^ under projection to Mq and Mi. In particular they are measurable as 
quotients of a measurable module. Applying the result in the measurable case we 
get c{N) = c{Nq © A^i) < sup{c(A'^o),c(Ari)} < sup{c(Afo), c(Mi)}. Passing to the 
supremum on the left yields (j2.9p for arbitrary modules Mq and Mi . This finishes 
the proof of O □ 

There are examples showing that the inequality [Tc)l in Theorem 12.71 is sharp. 
Moreover the assumption on cofinality in llbp is necessary by the following example. 

Example 2.10. We construct a non-trivial finitely generated ^-module M with 
dim(A/) — which contains no non-trivial measurable ^-submodule. In particular 
M is not cofinal- measurable and c{M) = 0~. Moreover, we construct a quotient 
module A^ of M with c(A^) > c(Af ). 

Take A = L°°{S^) which can be identified with the group von Neumann al- 
gebra A/'(Z). Let Xn be the characteristic function of the subset {exp(27rit) | t G 
[l/n,l — 1/n]} of S^. Let P„ be the submodule in P = L°°{S^) generated by 
Xn- It is a direct summand. Hence the quotient P/Pn is a finitely generated pro- 
jective ^-module of dimension 2/n. Projectivity implies c{P/Pn) = 0~. Define 
/ := U„eN^» ^ L°°(S'i) and put M = L°^{S^)/L Then M = colim„eN -P/-P« is a 
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finitely generated ^-module with dim(Af) — and c(M) = 0^ by Theorem 12.7131 
and Remark 12.81 

Observe that the same argument applies to any von Neumann algebra A with 
a directed system Pi C P of direct summands of a projective ^-module P such 
that dimP; < dimP but dimP = supj^j dimP^. 

For the quotient example, put iV„ = L°° (S^) / {{z — 1)") for positive integers 
n> 0, where ((z — 1)") is the ideal generated by the function — > C sending z 
to {z — 1)". Obviously I C {{z — 1)") so that iV„ is a quotient of M. The ^-module 
Nn is finitely presented with a{Nn) — 1/n 7, Example 4.3]. Hence we get 

c{M) = 0-; but c{Nn) = n. 

□ 

Lemma 2.11. (1) A finitely generated submodule of a measurable A-module 

is again measurable. 

(2) A quotient module of a measurable A-module is again measurable. 

(3) An A-module M is cofinal-measurable if and only if it is the union of its 
measurable submodules. 

(4) Submodules and quotient modules of cofinal-measurable A-modules are 
again cofinal-measurable. 

(5) Let — > Mq-^ Ml Ma — >0 be an exact sequence of A-modules. 
If Mq and M2 are cofinal-measurable, then Mi is cofinal-measurable. 

(6) The full subcategory of the abelian category of all A-modules consisting 
of cofinal-measurable modules is abelian and closed under colimits over 
directed systems. Given r G {0^} 11 [0, cx)], this is also true for the full 
subcategory of cofinal-measurable A-modules M with c{M) < r. 

(7) // C* is an A-chain complex of cofinal-measurable A-modules, then its 
homology Hp{C^) is cofinal-measurable for all p. Moreover c{Hp[C)) < 
c{Cp). 

Proof. [T]) This follows from the proof of Proposition [2^ 
[21) This is obvious. 

[21 ) Since M is the union of its finitely generated submodules, it is the union of its 
measurable submodules provided that M is cofinal-measurable. Suppose that M 
is the union of its measurable submodules and L C M is finitely generated. There 
are finitely many measurable submodules Ki, K2, . . . , such that L is contained 
in the submodule K generated by Ki, K2, . . . , Kr. Obviously K and therefore L is 
measurable by assertions [1]). 
m) follows from assertionsslH) and[21). 

[5l) We have to show for a finitely generated submodule M{ C Mi that it is measur- 
able. Let M2 C M2 be the finitely generated submodule p(M[) and C Mq be 
i~^{M[). Since M2 is cofinal-measurable, AI2 is measurable. Choose a finitely pre- 
sented ^-module AI2 with dim(M2 ) = together with an epimorphism / : M2' — > Mj. 
The pull back construction yields a commutative square with exact rows and epi- 
morphisms as vertical arrows 

> il/^ > M[ > M^ > 

id| 7 / 
> ) M'{ ^" ) M'{ > 0. 
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Since M[ is finitely generated, there is a finitely generated submodule M[" C M{' 
such that 7(M{") = M[ . Let M^' C M^' be the finitely generated submodule p"{M[") 
and M^" C be (i")~^(M("). We obtain an exact sequence 

M^" Ml' M'^' 0. 

Since Mj" is a finitely generated submodule of the finitely presented „4-module 
M2', the quotient Ml^jMll' is finitely presented. Since the category of finitely 
presented ^-modules is abelian [TJ Theorem 0.2], the ^-module Ml^' is finitely 
presented. Since Mq" is the kernel of an epimorphism of the finitely generated A- 
module M"' onto the finitely presented ^-module il/j", A/q" is finitely generated. 
As Mq is a submodule of the cofinal- measurable ^-module A/q, the ^-module 
A/q" is measurable. Since Afg" is measurable and Ml^' finitely presented, Af(" is 
measurable as follows from the first step of the proof of Theorem I2.7llcp . Hence 
Af{ is measurable by assertions [5]), since it is a quotient of Af"'. 
[6l) \i M = colimjg/ Mi is the colimit of a directed system with : Mi — > Af, 
then M is the directed union of i\)i{Mi). If all Mi are cofinal- measurable, then their 
quotients ■ipi{Mi) are cofinal- measurable by assertions ID) and the same is true for 
M by assertions [31 ). The assertions now follows from[4l),[5l) and Theorem 12.7111 
[71) follows fromH) and Theorem [23II1 □ 

Finally we discuss the behaviour of these notions under induction and restric- 
tion for subgroups i : A —> T. The functor was already investigated in [8l 
Theorem 3.3] where it is shown that is exact and dimjV(^)(A/) = dimj\/(-r-) (i^A/). 

Lemma 2.12. Let i : A — > F be an inclusion of groups, then i induces an 
inclusion i : M{A) A/'(F). 

(1) // M is a measurable or cofinal-measurable respectively J\f{A) -module, 
then the M(T)-module i^AI := J\f{T) ®j\f(A) M is measurable or cofinal- 
measurable respectively and 

For an arbitrary M{A) -module N we have c{N) < c{i^N). 

(2) // the index of A inV is finite and M is an arbitrary J\f {A)-module, then 

CAf{A){M) = Cj^(^r){i*M). 

(3) // the index of A inT is finite, N is an J\f{T)-module and i* N the J\f{A)- 
module obtained by restriction, then 

and i*N is measurable or cofinal-measurable if and only if N has the same 
property. 

Proof. [1]) First suppose A^ is a finitely presented zero-dimensional 7V(A)-module. 

/ 

Choose a resolution O^F^F^M^O with a finitely generated free module F 
as in [3 Lemma 3.4]. Apply the proof of [6l Lemma 3.6] to /, taking into account 
the equivalence of free Hilbert A/'F-modules and free algebraic A/'F-modules of [7] . 
It follows that it,M is a finitely presented 7V(F)-module with dim^(r)(j*A/) = 
and c_^/(^A){M) = c^(^r){i*M). 

Next let Af be a measurable 7V(A)-module. Let p : F — > A/ be a projection of 
a finitely generated free A/'(A)-module onto M. Set K := ker(p). Then i^,p : i^,F — >• 
i*M is surjective with kernel i^,K (since i* is exact), li Ki d K is finitely generated 
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with dim i^/ A'l = (such a module exists by Lemma [2^ . then i^i^i C i*K is also 
finitely generated with 

dim{i^F/iJ<i) '='^'^1^"'='''' dimi^{F/Ki) = dimF/Ki = 0. 

Since iirF/i^,Ki is finitely presented and projects onto ^■^,M the latter module is 
measurable. Moreover by Lemma 12.61 and the first step applied to F/Ki 

c{i^M) < Mc{uF/i^Ki) = Mc{F/Ki) = c(M). 

Ki A'l 

Choose on the other hand a finitely generated A/'(r)-submodule L C i^:K with 
dim(i*i^)/L = 0. For L we find finitely many generators "^Ui (i) ki 6 i^if = 
7V(r) ®j\f(A) K. Let L' be the submodule of K generated by all the ki. Then 
L C therefore 

< dimF/i' = dimuF/i,i' < dim^F/i = 

and (since F/L' is finitely presented and bv l2.7llb)) ) 

c{M) < c{F/L') = c{i,F/uL') < c{uF/L). 

Since this holds for arbitrary L as above, Lemma [2.61 implies c{M) < c{i^AI). 

If M is cofinal-measurable, then it is the union Uig/Mi over the directed system 
of its measurable A/'(A)-submodules. Since is exact, the A/'(r)-module i*M 
is the union IJjgj i*A/i over the directed system of measurable A/'(r)-submodules 
i^,Mi. We conclude from Theorem 12.7121 and the previous step that is cofinal- 
measurable and 

c^^(A){M) = sup{cAr(A)(A^O} = sup{cjv'(r)(»*Mi))} = cj^ir){i*M). 

Last let M be an arbitrary A/'(A)-module. Since every measurable A/'(A)- 
submodule of M induces an A/'(r)-submodule of i*Af of the same capacity, c{M) < 
c{i^M) by Definition!^ 

121) We begin with studying the restriction. Here i*Af{r) — ©[^^^^(A) since the 
same holds for CF as a CA-module and A/'(F) = A/'(A) ®cA CF. This observation 
and the proof of [6l Lemma 3.6] imply that if is a finitely presented 7\/'(F)-module, 
then i*N is finitely presented as A/'(A)-module and 

dim^(A)ii*N) = [F : A] dim_^^r){N); c^(A)ii*N) = c^(r)(iV). 

If A'' is arbitrary and L N a projection of a finitely presented zero-dimensional 
A^(F)-module, then i*L i*N is a corresponding projection and c{L) = c{i*L). 
If on the other hand L' is a zero-dimensional A/'(A)-module projecting onto i*N , 
then itfL' = M{T)®j^(i^,)L' is a finitely presented 7V(F)-module naturally projecting 
onto N with the same dimension and capacity. In particular N is measurable if 
and only if i*N is measurable and by Definition 12.21 the capacities coincide in this 
case. 

Any measurable submodule of an 7V(F)-module A^ restricts to a measurable 
7V(A)-submodule of i*N with the same capacity. On the other hand, if f7 C i*N 
is a measurable A/'(A)-submodule and V is the AA(F)-module generated by [/, then 
y is a quotient of i*?7 and U a submodule of V, therefore by assertions [T] ) and 
Theorem 12.7111 V is measurable and 



c{U) = c{uU) > c{V) = c{i*V) > c{U). 
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Definition 12.21 implies c{N) — c{i*N). The cofinal-measurable case is proven as 
above. 

121) Let M be an 7V(A)-module. Then i*uM = (sf^^^M. By[Tl) and[31) 

c(M) < c{uM) = c{i*i^M) = c{®f^^hl) = c{M). 

□ 

3. Capacity of groups 

In this section, we apply the concepts developed so far to define and study 
Novikov-Shubin invariants respectively capacities to arbitrary spaces, via the clas- 
sifying space in particular to arbitrary groups. 

Definition 3.1. Let X be a topological space with an action of the discrete 
group r. Let Hp{X]M{V)) be the A/'(r)-module given by the p-th homology of the 
chain complex MiT) ®zt C*'"^(X), where Cf"^(X) is the singular chain complex 
of X . Define the p-th capacity of X 

c,{X-M{T)) -.^ciHliX-Mim- 
Define the p-th capacity of the group T by 

Cp(r) Cp[ET-N{y)), 
where ET is any universal free F-space. 

A group is locally finite, nilpotent, abelian, . . . respectively, if any finitely 
generated subgroup is finite, nilpotent, abelian, . . . respectively. A group is virtually 
nilpotent, abelian, . . . respectively, if it contains a subgroup of finite index which is 
nilpotent, abelian, . . . respectively. 

If 5* is a finite set of generators for the group G, let bs{k) be the number of 
elements in G which can be written as a word in k letters of 5 U 5"^ U {1}. The 
group G has polynomial growth of degree not greater than n if there is G with 
bs{k) < C • /c'' for all fc > 1. This property is a property of G and independent of 
the choice of the finite set S of generators. We say that G has polynomial growth 
if it has polynomial growth of degree not greater than n for some n > 0. A finitely 
generated group T is nilpotent if T possesses a finite lower central series 

r = riDr2D...Drs-{i} rfe+i = [r,rfc]. 

Let rii be the rank of the finitely generated abelian group Ti/Ti+i and let n be 
the integer J2i>i^ ' '^i- Suppose that T contains F as subgroup of finite index. 
Then for any finite set S of generators of F there is a constant C > such that 
G~^ ■ k"" <hs{k) < G ■ fc" holds for any fc > 1 and in particular F has polynomial 
growth precisely of degree n pLi page 607 and Theorem 2 on page 608] . 

A famous result of Gromov [3] says that a finitely generated group has poly- 
nomial growth if and only if it is virtually nilpotent. 

Proposition 3.2. (1) If V is not locally finite, then H^{EV;M{T)) is 

measurable and 

Co(F) = inf{co(F')| F' < F infinite finitely generated} . 

IfT IS locally finite, then Co {T) = Q- but {ET;N'{T)) is non-trivial 
and is in particular not cofinal-measurable. 
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(2) Suppose that T is finitely generated. Then 

{0~; ifT is finite or non- amenable, 
1/n; iJT has polynomial growth of degree n, 
0; ifT is infinite and amenable, but not virtually nilpotent. 

This computes Cq for every finitely generated group. 

(3) Let r be an arbitrary group. Then 

r is locally finite or non-amenable <^=> Co(r) = 0^. 

// r is locally virtually nilpotent but not locally finite, then 

Co(r) = inf{co(r')| r' < r infinite finitely generated nilpotent}. 

If r is amenable and contains a subgroup which is finitely generated but 
not virtually nilpotent, then 

co(r) = 0. 

Note that every group belongs to one of the categories and that Cq (F) > 
implies that T is locally virtually nilpotent but not locally finite. 

The above also applies to cq of arbitrary path-connected F-spaces by [8l 4.10]. 
Observe that Hq {Er;J^{T)) is not cofinal- measurable if F is finite or locally finite. 
This is responsible for the clumsiness of some of the statements below because 
Theorem 12.7111 bp becomes false without the condition cofinal- measurable as shown 
in Example 12. 101 

Proof. Remember that (i?F;7V(F)) = A/'(F) (g)cr C which has dimension 
zero if and only if F is infinite and is trivial if and only if F is nonamenable by [8l 
4.10]. Moreover A/'(F) (g)cr C is finitely presented if F is finitely generated. 
[1]) If F' is finitely generated infinite Af{T') (E)cr' C is measurable and by Lemma 
12i211JA/'(F) _v(r') A/'(F') (E)cr' <C is measurable and c(A/'(F) ®A^(r') A/'(F') 0cr' C) = 
c(A/'(F') (8)cr' C). If F is not locally finite the system of infinite finitely generated 
subgroups is cofinal and therefore 

J\f{r) (g)cr C = colini7V(F) ®cr' C, 

where the colimit is taken over the directed system of infinite finitely generated 
subgroups. Now the second part of Theorem 12.7131 yields the claim if F is not 
locally finite. 

The proof of Theorem 13.7131 shows for locally finite F 

H^iET;M{r)) ^ coliuiAcr H^{E A; U{T)) ^ coliniAcr ifo(£^A) ®cr W)), 

where A C F runs though the finite subgroups. For finite A, the CA-module 
Ho{EA) is projective and hence the A/'(F)-module H^{EA;J^{T)) is projective 
which implies c{H^{EA;Af{T))) = Q- . By Theorem [2Jl3] 

c(F) = c«(i?r;AA(F)))-0-. 

Since F is non-amenable, Hq {Er;Af{T)) is non-trivial and hence cannot be cofinal- 
measurable. 

[2]) If F is finite or non-amenable, then Af{T) (gJcr C is finitely generated pro- 
jective or trivial and therefore co(F) = 0~. If F is infinite and amenable, then 
H^{ET:Af{T)) is finitely presented and zero-dimensional but non-trivial, therefore 
co(F) > 0. The rest is the content of Lemma [3.31 
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[3l) This follows by combining the above results. □ 

Lemma 3.3. Suppose T is a finitely generated infinite group. Then co(r) = l/n 
ifV has polynomial growth precisely of rate n. IfV is not virtually nilpotent, then 
co(r) < 0. 

Proof. First observe that T has polynomial growth of precisely degree n if and 
only if the recurrency probablity p{k) of the natural random walk on T decreases 
polynomially with exponent n/2, i.e. there is a constant C > with • < 
p{n) < C ■ /c^"/^ for fc > 1 and it is not virtually nilpotent if and only if for any 
n > there is C(n) > satisfying p{k) < C ■ /c^" for k > \. These are results of 
Varopoulos [12j . compare ^13, 6.6 and 6.7]. 

Now we have to translate this statement to information about the spectrum of 
the Laplacian. We will prove the following result from which our lemma follows: 
the finitely generatef group T has polynomially decreasing recurrence probability 
with exponent n/2 if and only if Co(r) = l/n. 

This can be deduced from |12j . We will give a self-contained and simple proof. 

If S" is a finite set of generators of F, then 

Hl{ET-N{T)) - coker(®,ggAA(F) ''''=®^'~^\ N{T)). 

Therefore co(F) is the inverse of the Novikov-Shubin invariant Q!o(F) of dg, which 
we compute from the combinatorial Laplacian Aq = 1 — P. Here P is the transition 
operator P{g) — (1/|S'|) ■ '^g^gsg. The recurrence probability is given by 

p{k) (P'=(e),e) = tr(P'=), 

and the spectral density function of Aq by 

F(A)=tr(x[i-Aa](n)- 
All of the operators in question are positive and therefore for fc e N and < A < 1 

(3.4) (1 - A)^x[i-Aa] {P) < < (1 - A)'x[o,i-A] {P) + X[i-a,i] < 1- 
Application of the trace to these inequalities gives 

(3.5) (1-A)'=P(A) <p(fc) < (1- A)'^'+F(A) for aU < A < 1. 
The first inequality implies if < A < 1 

InP(A) lnj9(fc) ,ln(l-A) 

> fc . 

In A In A In A 

If p{k) < Ck~'^ for C > 0, then, putting k — [A^^] (the largest integer not larger 
than A^^) we see 

, , InF(A) / InA InC ln(l - A)\ 

ai F =21iminf— 4^ >2 1im ( a— + — --—— ^] -2a. 
A^o+ In A A^o \ In A In A A In A / 

Suppose now that p{k) > Ck^"-. Choose e > 0. Putting fc := [A"(^+')] + 1 the 
second part of (|3.5p implies 



Fi\) > CA'^(i+^) [^±1±1^ " - (1 - A) 



[A-(i+»)l + l 
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Using lemma 13761 below with 6 — C/2 and a(l + e) instead of a this implies 

(1 - A)[^""'I+i (1 - A)-i-' < ^A'^(i+^) 

_^ Inf(A) ^ ln(C(([A-i--] + l)/A-i--)'°-C/2) InA 
^ h^A +"(^ + ^^ha ■ 

^ if A ^ 

Since the inequality is true for arbitrary e > we conclude 

ao(r) = 21iminf i^^-^ < 2a. 
A^o+ InA 

Now Lemma 13.31 follows. □ 
Lemma 3.6. For arbitrary e,S,a > one finds Xq > so that 

(1 - A)-^"'"' < ^A'^ for allO<X< Xq. 
Proof. Note that for < A < 1 the stated inequality is equivalent to 

A-i-Mn(l-A) < In (5 + a In A 
(ln^ + alnA)Ai+^ 



1 > 



ln(l - A) 



For A ^ the right hand side tends to which can be seen using I'Hospital's 
rule. □ 

Theorem 3.7. (1) Let A a T be a subgroup of finite index. Then 

c„(r) = c„(A). 

Moreover H^{E A; M{ A)) is cofinal-measurable if and only if Hf^{ET;Af{T)) 
is cofinal-measurable. 

(2) Let A G T be a normal subgroup. Suppose that H^{EA;N'{A)) is cofinal- 
measurable for q < n. Then we get for p — 0,1, . . . ,n that {ET;J\f{r)) 
is cofinal-measurable and 

Cp{T) < f]c,(A). 

q=0 

(3) // there is a cofinal system of subgroups A C F with H^{EA;J\f{A)) 
cofinal-measurable, then Hp{ET;M{Ty) is cofinal-measurableand 

c„(F) <liminf{c„(A)}, 

where A runs over the cofinal system. 

(4) Lf n>l andV ^ Z" or Z°° = then H^{ET;J\f{T)) is cofinal- 
measurable for every p and 



1/n if < p < n — 1; 
0^ if p > n; 
Cp(Z°°)<0 if p>0. 
(Remark: Lt is possible to show Cp{Z°^) — for all p > 0.) 
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(5) Suppose that T is a finitely generated virtually nilpotent group but not 
finite. Then {Er;N'(r)) is cofinal-measurahle for p > and 

co(r) + ci(r) < 1; 

Cp(r) < 1 forp>\. 
The same holds for T locally virtually nilpotent but not locally finite. 

Proof. [TJ) Let i : A/'(A) — > -^(F) be the ring homomorphism induced by 
the inclusion. Since A/'(A) ®zA is isomorphic to MiT) as A/'(A)-Zr-bimodule 
and since ET viewed as A-space is a model for _EA, we get i* H^^{ET\Af{Y')) = 
H.^{EA;JV{A)). The statement now follows from Lemma [2. 121 
[21) There is a spectral sequence converging to Hp^g{Er;N'{r)) whose £'i-term is 
given by 

E^g = H^{EA;MiT)) CpiEn) = (Si^i,H^iEA;M{A)), 

where i : A — > F is the inclusion and Ip the set of p-cells of Bit. We conclude 
from Theorem 12.7141 and Lemma 12.12111 that E^ ^ is cofinal-measurable for q < 
n and c{Ep ,j) — Cq{A). We conclude from Lemma [2.11171 that E^^ is cofinal- 
measurable for q < n and c{E^^) < Cq{A). Theorem 12.7111 and 12.11151 implies 
that {Er;N'{r)) is cofinal-measurable for q < n and Cq{T) < X]p=o''p(^) ^'^^ 
0<p<q. 

131) Since F is the union of the subgroups A, one can choose a model for ET such 
that for each subgroup A the model EA is a subcomplex of ET and ET is the 
union of all the EA^s. For instance take as model for ET the infinite join r*F* . . . . 
Hence 

ET colimAcrF Xa i^A; 
HliEr;M{T)) = colimAcrffp'^(i^A;AA(F)), 

where A C F runs through the finitely generated subgroups. Since 7J^(£'A; A/'(F)) 
is 7V(F)-isomorphic to Af(T) » a^(a) (EA; Af{A)) the claim follows from Theorem 
[2Jt3l and Lemma 12.12111 

m) A direct computation shows the result for F = Z". For apply assertions [3l 
El) By[3l) we can assume that F is finitely generated infinite and virtually nilpotent. 
We claim that such a group F is either virtually abelian or contains a normal 
subgroup A such that there exists a central extension 1 — > Z — > A — > 7? — > 1. 
This is proven as follows. 

Recall that subgroups and quotient groups of nilpotent groups are nilpotent 
again, any nilpotent group contains a normal torsionfree group of finite index and 
the center of a non-trivial nilpotent group is non-trivial. Now choose a normal 
torsionfree subgroup Fq of F of finite index and inspect the exact sequence 1 — > 
cent(Fo) — > Fo — *■ Fo/cent(Fo) — > 1. If Fo/cent(Fo) is finite, F is virtually 
abelian. Suppose that Fg/ cent(Fo) is infinite. By inspecting the analogous sequence 
for a normal torsionfree subgroup Fi C Fo/ccnt(Fo) of finite index and using the 
fact that Fi/ cent(Fi) is either finite or contains Z as normal subgroup, one sees 
that Fq / cent(Fo) contains Z as subgroup of finite index or contains both Z and Z^ 
as normal subgroups. Since cent(Fo) has at least rank 1, the claim follows for Fq 
and hence for F. 

If F is virtually abelian the assertion [5l) follows from[Tl) andlH). Suppose 
that A is a normal subgroup of F and that there is a central extension 1 — > Z — > 
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A — * Z2 — > 1. Because of El) co(r) + ci(T) < 2 • co(A) + ci(A). Hence it 
remains to show 

2-co(A) + ci(A) < 1. 

One can realize A as the fundamental group of a closed 3-manifold M which is a 
principal 5'^-bundle over T^. Hence M is a Seifert manifold whose base orbifold 
has Euler characteristic x — and the computation in [6l Theorem 4.1] shows 
co(A) = ci(A) = 1/3 if the Euler class e{M) = and co(A) = 1/4 and ci(A) = 1/2 
if e(M) 0. This finishes the proof of Theorem [3Jl □ 

Definition 3.8. Given a class of groups X, let LX be the class of groups F 
for which any finitely generated subgroup A belongs to X. Given classes of groups 
X and y, let Xy be the class of groups T which contain a normal subgroup A C F 
with A G X and F/A G y. The class £ of elementary amenable groups is defined 
as the smallest class of groups which contains all abelian and all finite groups, 
is closed under extensions, taking subgroups, forming quotient groups and under 
directed unions. The class of finite groups is denoted by J-. 

Theorem 3.9. Let C be the class of groups F for which Hp{ET;N'{T)) is 
cofinal-measurable for all p > and Co(F) + Ci(F) < 1 holds. 

(1) Finite and locally finite groups do not belong to C. 

(2) // the infinite elementary amenable group F contains no infinite locally 
finite subgroup, then F belongs to C. 

(3) IfT contains a normal subgroup A which belongs to C, then F belongs to 
C. 

(4) Let F be the amalgamated product Fq h<a Fi for a common subgroup A of 
Fq and Fi. Suppose that A, Fq and Fi belong to C and that Co(A) < 0, 
then F belongs to C. 

(5) L{C\JT)=C\J LT. 

(6) Suppose for the group F that Co(F) > or that it contains "E" for some 
n > I as a normal subgroup. Then F belongs to C and moreover 

Cp(F) < 1 also holds for p > 1. 

Proof. [T]) (i?F; A/'(F)) is not cofinal-measurable if F is (locally) finite, 
m) We have to show for a group F G L{C U which is not locally finite that F 
belongs to C. Since any infinite finitely generated subgroup F' C F belongs to C 
by assumption and these groups form a cofinal system of subgroups, we get from 
Theorem 1X7151 that LI^ {Er;Af{T)) is cofinal-measurable. and 

Ci(F) = liminf{ci(F')} < 1. 

If co(F) < we are done, otherwise we know from 13. 2t3l that F is locally virtually 

nilpotent but not locally finite and the result follows from 13.7151 

H) We get from Theorem [3Jl2l that H^{Er;Af(T)) is cofinal-measurable for p>0 

and 

(3.10) ci(F) < co(A)+ci(A) < 1. 

It remains to show co(F) + ci(F) < 1. If co(F) < 0, this follows from ((3T0| . If 
Co(F) > we are again in the case, where F is locally virtually nilpotent but not 
locally finite and can applv ISTZlSl 
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[21) We use the following description of the class of elementary- amenable groups 
[H Lemma 3.1]. Let B be the class of all groups which are finitely generated and 
virtually free abelian. Define for each ordinal a 

So - {1} ; 

£a — {LSa-i)B , if a is a successor ordinal 

£a = U/3<Qi?/3 , if a is a limit ordinal. 

Then £ — Uq>oi?q is the class of elementary amenable groups. For any elementary 
amenable group F there is a least ordinal a with F G and we use transfinite 
induction to show that F belongs to C, provided that F is infinite and contains no 
infinite locally finite subgroup. 

The induction begin a = is obvious. If a is a limit ordinal, the induction 
step is clear. Suppose that a is a successor ordinal. Then there is an extension 
1 — > A — > F — > TT — > 1 such that A £ LEa-i and tt e S. Every finitely 
generated subgroup A' C A belongs to £a-i- By assumption F and therefore A 
and A' contain no infinite locally finite subgroup. The induction hypothesis implies 
that A' is finite or belongs to C. From assertions [S]) we get A G L{CiJj-) = C^LT . 
Since A is not infinite locally finite either A is finite or A G C. In the second case 
applyO). If A is finite tt must be infinite. Since TB = B we have F infinite virtually 
free abelian. In this case the statement follows from Theorem 13 . 71 II and 13 . 7151 
m) This follows from the long Mayer- Vietoris sequence, Theorem 12.7111 Lemma 
I2.11l and Lemma [2. 121 One has to argue as above for the case co(F) > 0. 
[H) Suppose co(F) > 0. Then F is locally virtually nilpotent but not locally finite 
and the statement is 13.7151 Now suppose F contains Z" as a normal subgroup for 
n > 1. Then the result follows from [XTIil and □ 

4. Final Remarks 

Remark 4.1. We mention that the proof for Theorem 13. 9121 goes also through 
if one enlarges the class £ as defined by transfinite induction in the proof by sub- 
stituting the class B of virtually abelian groups by any bigger class B' with the 
properties that B' dC, and TB' = B'. □ 

Remark 4.2. Let 1 — > A F -h- Z — > 1 be an extension of groups. Suppose 
that A is locally finite. Then i?p(i?F; A/'(F)) is trivial for p > 2 and for p — 1 equal 
to the kernel K of the A/'(F)-map 

A/'(F) «)cA C — > 7V(F) (g)cA C : u ® n ^ u{t - 1) n 

for some t G A/'(F) which maps to a generator of Z under p. If we would know 
that K is trivial, then F would belong to C and it would suffice in Theorem 13.9121 
to assume that F itself is not locally finite instead of assuming that F contains no 
infinite locally finite subgroup. □ 

Remark 4.3. So far we know no counterexample to the following statement: 
If F is elementary amenable and not locally- finite, then i/p(i?F; A/'(F)) is cofinal- 
measurable for all p > and 

(4.4) Cp(F) < 1; forp>0. 

To prove this, it suffices to show inequality |43 for any group F such that there 
is an extension 1 — > A — > F — > Z — > 1 with a group A which already satisfies 
inequality 14.41 Then the proof of Theorem 13.9121 would go through. 
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On the other hand one can construct a fiber bundle^F — > E — > 5^ of closed 
manifolds with simply-connected fiber F such that Cp{E) is arbitrary large. This 
follows from the observation that in this case one can read off Cp{E) from the 
automorphism of Hp{F) induced by the monodromy map F — > F and one can 
realize any element in GL{n,'Z) as the automorphism induced on -ff3(niLi S^) by 
an automorphism of HlLi '-' 
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